ABSTRACT. We define and study a fidelity criterion for quantum channels, which we term the minimax fidelity, through a noncommutative generalization of maximal Hellinger distance between two positive kernels in classical probability theory. Like other known fidelities for quantum channels, the minimax fidelity is well-defined for channels between finitedimensional algebras, but it also applies to a certain class of channels between infinitedimensional algebras (explicitly, those channels that possess an operator-valued RadonNikodym density with respect to the trace in the sense of Belavkin-Staszewski) and induces a metric on the set of quantum channels which is topologically equivalent to the CB-norm distance between channels, precisely in the same way as the Bures metric on the density operators associated with statistical states of quantum-mechanical systems, derived from the well-known fidelity ('generalized transition probability') of Uhlmann, is topologically equivalent to the trace-norm distance.
Many problems in quantum information science [1, 2] , both in theory and in experiment, involve finding a set of quantum-mechanical states or channels that solve some sort of an optimization problem, typically formulated in terms of a numerical criterion that measures how close a given pair of states or operations are to each other. (Many such criteria have been proposed to date, each defined with specific theoretical or experimental considerations in mind; see Ref. [3] for a recent comprehensive survey.)
Let us first consider the case of quantum states, i.e., density operators. Let h be a complex separable Hilbert space associated to a quantum-mechanical system. Given a pair of density operators ρ, σ, i.e., positive trace-class operators with unit trace, one can use either the fidelity [4, 5, 6, 7] F (ρ, σ) := Tr (ρ 1/2 σρ 1/2 )
or the trace-norm (half-) distance
where ρ := Tr |ρ|, |ρ| := (ρ † ρ) 1/2 [8, 9] . Loosely speaking, two states ρ and σ are close to each other if F (ρ, σ) is large, or if D(ρ, σ) is small. In fact, as follows from the key inequality [5, 10] 
the fidelity and the trace-norm distance are equivalent in the sense that any two density operators that are close to one another in the sense of (1) are also close in the sense of (2), and vice versa. As for quantum channels, i.e., normal completely positive unital mappings from an operator algebra B = B(h) into another algebra A = B (g), where g and h are complex separable Hilbert spaces, things get somewhat complicated. Consider, for instance, the case when g is finite-dimensional, and let m := dim g. Fix an orthonormal basis {|j } m j=1
of g, and let |ψ := m −1/2 m j=1 |j ⊗ |j be the normalized maximally entangled vector in the product space g ⊗ g. Given two quantum channels Φ, Ψ : B −→ A, one can measure their closeness in terms of the fidelity of the states on B ⊗ A, obtained from the maximally entangled state π = |ψ ψ| by applying the predual channels Φ and Ψ (cf. Section 2 for precise definitions) to the first factor in the tensor product:
The fidelity F (ρ, σ), taken as the channel fidelity F(Φ, Ψ) := F Φ ⊗ id(π), Ψ ⊗ id(π)
by Raginsky in Ref. [11] , enjoys many properties parallel to those of the fidelity (1) for quantum states. Alternatively, one can adopt the (half-) distance [1, 12, 13] D(Φ, Ψ) :
where • cb denotes the so-called norm of complete boundedness (or CB-norm for short; cf. Section 2.3 for details). We note that the CB-norm half-distance (5) can be given in terms of the trace-norm distance (2) between density operators by means of the variational expression [1, 12, 13 ]
where the supremum is taken over all density operators π on the tensor product space g⊗g. By analogy with density operators of the states, we are tempted to say that two quantum channels, Φ and Ψ, are close either if F(Φ, Ψ) is large or if D(Φ, Ψ) is small. However, in addition to the finite-dimension restriction dim g < ∞ [the only case under which the definition (4) of the channel fidelity makes sense], we encounter the following difficulty. It turns out [11] that, as a criterion of closeness, the CB-norm distance (5) is strictly stronger than the fidelity measure (4) in the sense that even when D(Φ, Ψ) is large, F(Φ, Ψ) may be quite large as well, and may even become equal to one in the limit dim g −→ ∞. Consider, for instance, the case Ψ = id. Then one can show [11] that
and we immediately see that when Φ is such that D(Φ, id) attains its maximum value of unity, the fidelity F(Φ, id) is still bounded between 0 and √ 3/2. To make matters worse, the only bound on (5) in terms of (4) known so far is
as follows readily from Eqs. (3) and (6) . Furthermore, one can easily find sequences
Indeed, consider the unitarily implemented channels
Thus, the channel fidelity (4), apart from being applicable only in finite-dimensional settings, has the distinct disadvantage of not being equivalent to the cb-norm distance, in contrast to the case of the Uhlmann fidelity (1) and the trace-norm distance (2) on the state space of a quantum-mechanical system. The goal of this paper is to define and study a new fidelity criterion for quantum channels, which we term the minimax fidelity and which is a noncommutative generalization of maximal Hellinger distance between two positive kernels in classical probability theory. Unlike the channel fidelity (4) of Ref. [11] , the minimax fidelity is not only well-defined for channels between finite-dimensional algebras, but also applies to a certain class of channels between infinite-dimensional algebras (explicitly, those channels that possess an operator-valued Radon-Nikodym density with respect to the trace in the sense of BelavkinStaszewski [14] ) and is equivalent to the CB-norm distance, echoing the way the Uhlmann fidelity (1) for density operators is equivalent to the trace-norm distance (2) .
Apart from these technical features, the minimax fidelity f (Φ, Ψ) between two quantum channels Φ, Ψ has a direct operational meaning: intuitively, it is defined as the minimum overlap of output states (density operators) of the predual channels Φ , Ψ , when the operator-sum decompositions [2] of the latter are chosen to be maximally overlapping; this is spelled out in precise terms in Section 4.5. Our central result (Theorem 1) demonstrates that the minimax fidelity is independent of the order of these two optimizations. Furthermore, the equivalence of our minimax fidelity to the CB-norm distance, which is stated precisely in Section 5 in terms of dimension-free bounds, is a promising avenue for the study and characterization of dimension-free bounds (whenever they exist) on other operationally meaningful distance measures for quantum operations [3] in terms of the CB-norm distance. As pointed out in Ref. [15] , such bounds are crucial for a successful generalization of the usual quantum capacity of a channel [1, 2] (i.e., with respect to the identity channel) to the case of comparing quantum channels to an arbitrary reference channel. We plan to pursue these matters further in a future publication.
The paper is organized as follows. In Section 2 we fix the definitions and notation used throughout the paper. The minimax fidelity is then introduced in Section 3. Section 4 is devoted to the evaluation of the minimax fidelities in the various mathematical settings that arise in quantum information theory. Next, in Section 5, we list key properties of the minimax fidelity. Finally, in Section 6 we sketch some example applications of the minimax fidelity to several problems of quantum information theory.
PRELIMINARIES, DEFINITIONS, NOTATION
2.1. Pairings, states, operations. Let h be a complex separable Hilbert space; let B denote the Banach algebra B(h) of all bounded linear operators on h with the usual operator norm • ; and let B denote the Banach space B (h) of trace-class operators on h with the trace norm • . The set of normal states on B, i.e., ultraweakly continuous positive unital linear functionals on B, will be denoted by S(B) or, whenever we need to exhibit the underlying Hilbert space explicitly, by S(h). Generic elements of S(B) will be denoted by the stylized Greek letters , , ς. Note that the operator norm on B can be written as B = sup (|B|) : ∈ S(B) .
We equip h (and shall equip all Hilbert spaces introduced in the sequel) with an isometric involution J = J † , J 2 = 1 1 h , having the properties of complex conjugation,
We can thus define the transpose of any B ∈ B as B := JB † J, as well as introduce the trace pairing [16] 
of B and B . Under this pairing, which differs from the usual one in that B ∈ B is paired with the transpose of ρ ∈ B rather than directly with ρ, normal linear functionals on B are in a one-to-one correspondence with the elements of B . Thus to each normal state we associate a unique positive trace-class operator with unit trace, denoted by the standard Greek letter ρ and referred to as the density operator corresponding to , via (B) = (B, ρ) for all B ∈ B. Similarly, density operators corresponding to states denoted by and ς will be denoted by π and σ respectively.
Apart from natural arguments from standard representation theory of operator algebras, one reason why we chose to pair B with the transposed operator ρ = Jρ † J, rather than with ρ, is to be able to keep all notations conveniently parallel to the classical (commutative) case, as will be amply demonstrated throughout the paper. Note also that we can fix a complete orthonormal basis {|j } of h and express the pairing (9) in terms of the matrix elements of B and ρ as
where we have used the covariant indices for the matrix elements of bounded operators in B and the contravariant indices for the matrix elements of trace-class operators in B , when the latter are identified via the pairing (9) with normal linear functionals on B. Yet another reason to opt for the pairing of B with the transposed operator ρ, further elaborated upon in Section 2.2, is that then the density operator ρ of a normal state will coincide with the operational density of , understood as a quantum operation from B into the Abelian algebra C. Introducing another Hilbert space g, the algebra A := B(g) and the trace class A := B (g), let us consider quantum operations, i.e., the completely positive normal linear map-
is referred to as a quantum channel. Any quantum operation Φ possesses a unique predual Φ : A −→ B , defined as the transpose of Φ with respect to the trace pairing (9), i.e.,
Conversely, given a normal completely positive linear map Φ : A −→ B such that Tr h Φ(ρ) ≤ Tr g ρ for all ρ ∈ A , we define its dual with respect to the trace pairing (9) as the unique mapping Φ : B −→ A for which 
with respect to a positive measure µ on a measurable space (Z, B Z ), where the integration is understood in the sense of Bochner [18] , then the predual map Φ has the transposed integral form
Any normal state ∈ S(B) is automatically a quantum channel from B into the Abelian algebra C, and it is readily seen that the density operator ρ of , understood as acting on λ ∈ C on the right, C λ −→ λρ, is precisely the predual : C −→ B . Indeed, given B ∈ B and λ ∈ C, we have
which proves our claim that ρ = . Thus we also have that = = ρ .
Operational densities.
In order to avoid technicalities involving unbounded operators, we shall henceforth assume that all quantum operations we deal with are completely majorized by the trace, considered as the map τ (σ) = 1 1 g Tr σ of B into A = B (g), in the sense [14] that there exists a constant λ > 0 such that the difference λτ −Φ is a completely positive map B −→ A. For example, this condition is satisfied by all quantum operations between finite-dimensional algebras [19] . As was proven in [14] , in this case there exists a unique positive operator Φ τ on the Hilbert space H := g ⊗ h, called the density of Φ with respect to the trace τ , such that
where
Moreover, Φ τ as a linear operator on H is bounded and majorized by λ: 0 ≤ Φ τ ≤ λ1 1 H , and the operation is unital, Φ(1
). This is equivalent to saying that the predual map Φ : A −→ B , which, using Eqs. (10) and (13), can be written as
is trace-preserving (trace-decreasing).
As an example, consider a normal state on B, which, being a quantum channel into C, satisfies the complete majorization condition with λ = ρ , where ρ is the density operator of . Furthermore, it is easy to see that τ = ρ. Indeed, we can write
and the desired result follows upon comparing this with Eq. (13) . This provides additional justification for our definition of the trace pairing in Eq. (9), since we then have that = ρ = τ for any normal state .
If the operation Φ : B −→ A is given in the generalized Kraus form (12), we can write down its operational density Φ τ explicitly. To this end, suppose that all operators F (z) are determined by generalized bra-vectors Γ (z) = (F (z) |, densely defined as the linear functionals
where ξ ∈ g is also treated as a bra-vector such that Jξ = ξ| and |ξ = ξ. Then the operational density Φ τ of Φ is given by the corresponding decomposition
where the integral is, again, understood in the sense of Bochner.
Completely bounded maps.
Completely positive linear maps between operator algebras are a special case of completely bounded maps [20] . Consider, as before, the algebras B = B(h) and A = B(g). For each n ∈ N define the nth matrix level M n (B) B ⊗ M n , where M n denotes the algebra of n × n matrices with complex entries. That is, M n (B) is the space of n × n matrices with B-valued entries,
Analogous construction can also be applied to A to yield the matrix levels M n (A). Each matrix level M n (B) inherits a * -algebra structure from B through
In fact, by identifying M n (B) via a natural * -isomorphism with the algebra B(h (n) ) of bounded linear operators on h (n) , the direct sum of n copies of h, one can make M n (B) into a C*-algebra. Thus, each matrix level of B possesses a unique C*-norm. Now, for any n ∈ N a linear map Λ :
Let us define the norm of complete boundedness (or CB-norm) by Λ cb := sup Λ (n) : n ∈ N , where
is the usual operator norm of
Passing to the predual map Λ : A −→ B , we can similarly define induced maps
, n ∈ N, and the predual CB-norm
It is easy to see that Λ
for all n ∈ N, so that Λ cb = Λ cb . It is also straightforward to see that the "unstabilized" norms • and • are tensorsupermultiplicative (i.e., Λ 1 ⊗ Λ 2 ≥ Λ 1 Λ 2 ), whereas the corresponding CB-norms are tensor-multiplicative (i.e.,
There is also a useful non-variational formula for the CB-norm of a map Λ : B −→ A. Namely, let 2 denote the Hilbert space of square-summable infinite sequences of complex numbers, and let K( 2 ) denote the space of compact operators on
. Since we have assumed that B = B(h) with h a complex separable Hilbert space, and since all complex separable Hilbert spaces are canonically isomorphic to 2 , we may also write
2.4. Miscellany. Any positive operator B ∈ B(h) has a unique positive square root, denoted by B 1/2 and defined as the positive operator X ∈ B(h) such that B = X 2 . This definition can be extended to any operator A that is similar to a positive operator ∆ ∈ B(h), in the sense that there exists an operator S ∈ B(h) such that A = S∆S + , where S + is the pseudoinverse of S, equal to S −1 on ran S and to 0 on ker S. In that case, we may 
Thus we may define
. This notation, again, allows for a convenient parallelism between the classical (commutative) formalism and the quantum (noncommutative) one. Indeed, consider two mutually commuting positive trace-class operators ρ, σ, let {|x } denote the set of their common eigenvectors, and let ρ x ≡ x|ρ|x , σ x ≡ x|σ|x denote the corresponding eigenvalues. Then √ ρσ is also trace-class, and
If Tr ρ = 1 = Tr σ, then P := {ρ x } and Q := {σ x } are probability distributions, and Tr √ ρσ then gives the classical fidelity (also known as the Bhattacharyya coefficient) [10] F (P, Q) between P and Q. Our main technical tool in this paper is given by the following: 
Proof. To prove the lemma one can use either the polar decomposition or the method of Lagrange multipliers. We shall use the latter. Fixing an X satisfying X † X = R, we can write the Lagrange function as
where L = L † ∈ B(H) is the operator-valued Lagrange multiplier corresponding to the
is obtained by taking the Hermitian adjoint). Thus
Multiplying this on the left by X and on the right by
Thus, we indeed have that
This extremal value is precisely the maximal value due to convexity of the function being maximized in Eq. (16) . Note that, since (
1/2 U for any unitary U , the value of the supremum in Eq. (16) , which coincides with Eq. (18), does not depend on the choice of X satisfying X † X = R. Indeed, by virtue of the polar decomposition
Rewriting this trace in the equivalent form 2 Tr(X † Y o ) with
, we obtain the extremal value in Eq. (16).
We shall also need the following simple, but useful, result:
Since Re λ ≤ |λ| for all λ ∈ C, the lemma is proved.
OPERATIONAL FIDELITIES AND DISTANCES
3.1. Classical kernel fidelity. The fidelity distinguishing different quantum operations without the restriction on the Hilbert space dimensionality was suggested by Belavkin in Ref. [21] on the basis of a noncommutative generalization of the maximal Hellinger distance between two positive kernels. Namely, given a locally compact space X and a measure space (Y, B Y , µ) , where µ is a positive measure, let us denote by A the algebra C(X) of bounded continuous functions on X, and by B ≡ C (Y ) the space of absolutely µ-integrable complex functions on Y . A positive kernel P is then given in terms of a function p(
Given two positive kernels P and Q, the squared pointwise Hellinger distance
is well-defined and finite for each x ∈ X, so that we can define
the last expression indicating the fact that d 
where (f, P ) = f (y)p(y)dµ(y) denotes the integral pairing of f ∈ C(Y ) with P ∈ C (Y ). The relative fidelity
of the distributions P and Q is obviously related to the distance (22) by
If P x := p(•|x) and Q x := q(•|x) are conditional distributions with constant integrals (1, P x ) and (1, Q x ), e.g., normalized to unity, this relation also remains valid for the minimal fidelity
which can alternatively be defined by the minimax formula
where the supremum is achieved on ψ(
In particular, if P and Q are probability kernels, (1,
is the minimax fidelity of the classical channels described by these kernels.
3.2. Quantum operational fidelity. Generalizing Eq. (21), one can define the squared Hellinger distance between quantum operations Φ and Ψ with the respective operational densities
The operators Γ, Υ ∈ B(H), such that Γ † Γ = Φ τ and Υ † Υ = Ψ τ , are naturally thought of as the purifications of Φ τ and Ψ τ , respectively. This means that we can fix an orthonormal basis {|j } of H, say the product basis |j = |i ⊗ |k ≡ |i, k , where {|i } and {|k } are some fixed orthonormal bases of g and h respectively, and represent any such Γ and Υ as strongly convergent sums
where the generalized bra-vectors (F j | define the bounded operators F j , V j : g −→ h through
As seen directly from this definition, the mapping (F | −→ F is linear: (aF + bG| −→ aF + bG. Using Eq. (28), we may write
where the sums converge in the strong operator topology. This determines the Kraus de-
we can write the maps Φ, Ψ in the Stinespring form [22] 
Taking into account the fact that A † A = sup ∈S(g) (A † A) and defining the positive function c(•; •) : B(H) × B (g) −→ R c(A; ρ)
we can rewrite the fidelity distance (27) in the following minimax form:
On the other hand, generalizing Eq. (20) to quantum operations, we can define the squared pointwise distance
between Φ and Ψ on the set S(g) of all normal states on A = B(g). Just as with the probability kernels in the commutative setting described in the preceding section, d
2 H (Φ, Ψ) coincides with the supremum of d 2 H (Φ, Ψ)( ) over all normal states ∈ S(g) whenever Φ and Ψ are (proportional to) quantum channels:
Theorem 1. Let Φ, Ψ : B −→ A be quantum operations with the respective operational densities Φ τ , Ψ τ ∈ B(H). Suppose that for all ∈ S(g) the pairings
Furthermore, then we have that
is the minimax fidelity between Φ and Ψ.
Proof. Fix an arbitrary ∈ S(g). From Eq. (32) it follows that
and the same goes for Ψ. Therefore, given any pair Γ, Υ ∈ B(H) such that Γ † Γ = Φ τ and Υ † Υ = Ψ τ , we can write
Taking the supremum of both sides over all ∈ S(g), we obtain
On the other hand, d
Note that the right-hand sides of Eqs. By the polar decomposition, any such Υ has the form U Ψ 1/2 τ for some partial isometry U . Thus we have sup
where the supremum in Eq. (38) is taken over all partial isometries U such that
Since the expression being minimized is linear in U and since any partial isometry can be expressed as a convex combination of at most four unitaries, we may instead take the supremum over the unitary group U(H) and, in fact, over the entire unit ball B 1 (H) := {X ∈ B(H) : X ≤ 1}:
Since the expression being maximized in the right-hand side of Eq. (39) is affine in both X and ρ, and since B 1 (H) and S(g) are closed convex subsets of B(H) and B (g) respectively, it follows from standard minimax arguments [23] that we can indeed interchange the extrema to obtain f − (Φ, Ψ) = f + (Φ, Ψ), where
which proves the claim of Eq. (33). The rest is straightforward.
As seen immediately from Theorem 1, when Φ and Ψ are quantum channels, then
with the minimax fidelity given by
4. EVALUATING THE FIDELITY DISTANCES 4.1. Fidelities for quantum states and quantum effects. Consider two normal states , ς on B = B(h) as quantum channels from B into the Abelian algebra A = B(g) with g C. In this case, the operational densities τ , ς τ of , ς coincide with the corresponding density operators ρ, σ: τ = ρ and ς τ = σ. The predual maps , ς : A C −→ B can then be thought of as the state creation operations, (λ) = λρ and ς (λ) = λσ for λ ∈ C.
In order to compute the minimax fidelity f ( , ς), we have to consider all χ, ψ ∈ B that give the decompositions ρ = χ † χ and σ = ψ † ψ. Note that we can always write these decompositions as purifications
where |χ j := χ|j , |ψ j := ψ|j with respect to a fixed orthonormal basis {|j } of h. We then have the minimum quadratic distance
where the last equality is due to the fact that dim g = 1. Expanding the product under the trace, we can write
According to Lemma 1, the supremum in Eq. (42) is attained at any χ ∈ B satisfying the condition χ † χ = ρ, say χ = ρ 1/2 , and ψ = ψ o satisfying the equation
Observe that the standard Uhlmann fidelity between the density operators ρ and σ, F (ρ, σ) in Eq. (1), can be written as
Thus the minimax fidelity between two normal states and ς on B, or, equivalently, between the state creation operations , ς : C −→ B (h), agrees with the Uhlmann fidelity between the respective density operators ρ and σ of and ς.
Next we turn to the other extreme case, namely that of the state annihilation operations Φ, Ψ with the preduals Φ (ρ) = (Φ τ , ρ), Ψ (ρ) = (Ψ τ , ρ), corresponding to dim h = 1. They are completely specified by the effects, i.e., the positive operators Φ τ , Ψ τ ∈ B(g) satisfying 0 ≤ Φ τ , Ψ τ ≤ 1 1 g , which can be purified as in (29), where Γ j = j|Γ, Υ j = j|Υ are the bra-vectors corresponding to an othonormal basis {|j } in g. The squared pointwise minimax distance between the state annihilation operations Φ, Ψ, or, equivalently between the effects Φ τ , Ψ τ , on the set S(g) of normal states = ρ on B(g) is given by the minimum
of the quadratic distance between their purifications Γ, Υ ∈ B(g). The solution of this problem is likewise given by Lemma 1 with R = Φ τ and S = ρΨ τ ρ. Thus the optimum
is attained at any Γ ∈ B satisfying the condition Γ † Γ = Φ τ , say Γ = Φ 
is given by the minimax quadratic distance
interchange of the extrema following from standard minimax arguments [23] and the fact that all Γ, Υ satisfying, respectively, Γ † Γ = Φ τ and Υ † Υ = Ψ τ are contained in the unit ball of B(g).
Semiclassical fidelity.
It is straightforward to extend the formalism of Section 3.1 involving the commutative Hellinger distance between two positive kernels to the case of mappings from a set X into positive trace-class operators on the Hilbert space h, i.e., ρ :
We thus have the pointwise Hellinger distance
in terms of the trace pairing (B, ρ) = Tr(B ρ) of B ∈ B = B(h) and B = B (h), where
The semi-classical operational distance between ρ = ρ(•) and σ = σ(•) can then be defined as d
When Tr ρ(x) = 1 = Tr σ(x) for all x ∈ X, i.e., when ρ and σ are classical-to-quantum, c-q (or semiclassical) channels, Eq. (44) can be written as d
is the minimax fidelity of σ relative to ρ.
Semiquantum fidelity.
Next we consider the opposite of semiclassical operations -namely, the semiquantum operations which correspond to quantum measurements as quantum-to-classical (q-c) channels. Such operations are given as
is a measure space, by specifying the positive operator-valued Bochner µ-integrable func-
define for each input quantum state ∈ S(g) a classical probability density on (Y, B Y , µ) , that is, they describe quantum measurements by the positive operator-valued measures (POVM's) M (dy) = Φ τ (y)dµ(y).
In order to avoid technicalities in defining the semi-quantum fidelity distance between two q-c channels Φ, Ψ : B −→ A, we shall assume that Φ τ (y), Ψ τ (y) are weakly continuous bounded functions on Y . Then the squared distance d
Operational fidelity in terms of Kraus and Stinespring decompositions. Consider, as before, two quantum channels Φ, Ψ : B −→ A, where B = B(h) and A = B(g).
Given the minimax fidelity
between Φ and Ψ, where the second equality follows from Lemma 2, the supremum over all Γ and Υ satisfying, respectively, Γ † Γ = Φ τ and Υ † Υ = Ψ τ can be replaced with the supremum over all Kraus decompositions of Φ and Ψ, i.e., over all collections {F j }, {V j } of bounded operators g −→ h, determined from Φ τ , Ψ τ via Eqs. (29) and (28):
Just as in the proof of Theorem 1, we may restrict ourselves only to those Γ, Υ that can be written as
for some unitaries U, V . Thus, if we write Φ 
then it follows that, given a unitary U , we can write
and similarly for
Turning now to the infimum over all normal states on A ≡ B(g), we may equivalently consider all pairs {ϕ, K}, where ϕ is a normal * -representation of A on a Hilbert space K:
Since all normal * -representations of the full operator algebra B(g) are unitarily equivalent to an amplification B −→ B ⊗ 1 1 k for some Hilbert space k, we can write
Introducing the vectors |υ,
we obtain yet another form of the minimax fidelity:
For a fixed υ ∈ g ⊗ k, taking the supremum over U is tantamount to taking the supremum of | χ|ξ | over all pairs of unit vectors χ, ξ ∈ g ⊗ k ⊗ H such that
which, in conjunction with the standard results on the Uhlmann fidelity (1) between density operators [6, 7] , finally yields
Note that we may always take k isomorphic to g:
Given some Kraus decompositions {F j }, {V j } of Φ and Ψ respectively, we may define the operators
2). Then we may rewrite Eq. (49) as
where the supremum is over all F, V : g −→ h ⊗ H giving the Stinespring decompositions of Φ and Ψ respectively. We may, as before, fix F and V , say, by considering the 'canonical' Kraus decompositions {F j }, {V j }, and instead take the supremum over all unitaries U ∈ U(H):
which yields another useful formula
for the minimax fidelity between the channels Φ, Ψ. It is, in fact, not hard to show that the right-hand side of Eq. (53) does not depend on the particular choice of the Stinespring operators F, V , as long as we agree to dilate the input Hilbert space h by the 'canonical' auxiliary Hilbert space H = g ⊗ h.
We note that the constructions of this section are valid more generally for channels given in terms of the continual Kraus decompositions
provided that the measures µ and ν are equivalent, i.e., absolutely continuous with respect to each other. Then Eq. (49) is a special instance of the more general expression
where dν/dµ is the Radon-Nikodym derivative of ν with respect to µ, for the case when both µ and ν are counting measures, dµ = dν = 1, on a finite or countably infinite set.
PROPERTIES OF THE OPERATIONAL FIDELITY
In this section we establish several key properties of the minimax fidelity between quantum operations. These properties follow almost immediately from the corresponding properties enjoyed by the fidelity (1) on density operators: 
[cf. Eq. (3)]. Property (F.2), in fact, follows from strong concavity of F [2] , i.e., 
for any two channels Φ, Ψ : B(h) −→ B(g) and any two unitaries U ∈ U(g), V ∈ U(h), where Θ U (B) := U † BU , and Θ V is defined analogously; (f.4) f is monotone with respect to both left and right composition with quantum channels, i.e.,
for any two channels Φ, Ψ : B −→ A, all channels Φ 1 into B, and all channels Φ 2 on A. Just as in the case of the fidelity between density operators, the minimax fidelity f possesses the strong concavity property
On the other hand, deriving for the minimax fidelity f an analogue of property (F.5) of the Uhlmann fidelity F requires a bit more work. To this end, let us consider two channels Φ, Ψ : B −→ A, B = B(h), A = B(g). Suppose first that g is infinite-dimensional and separable. Then g 2 , and we can rewrite Eq. (52) as
The space 2 contains, as a dense subset, the pre-Hilbert space 2 0 of all infinite sequences of complex numbers with all but finitely many components equal to zero. Using this fact and the continuity property (F.5) of the fidelity F , we obtain f (Φ, Ψ) = inf
Using this expression in conjunction with Eq. (3), we get the bounds
Now, for any completely bounded map Λ : B(h) −→ B(g), the image of the set {|υ υ| :
) is contained in the trace-norm closure of the linear span of {|ξ ξ| : ξ ∈ h ⊗ 2 0 , ξ = 1}, which is dual to the tensor product B(h) ⊗ K( 2 ), where K( 2 ) is the space of compact operators on 2 . Thus, by duality we have
where D(Φ, Ψ) denotes the CB-norm half-distance (1/2) Φ − Ψ cb , and the last equality follows from the formula Λ cb = Λ ⊗ id K( 2 ) for any completely bounded map Λ. On the other hand, when dim g = m < ∞, we can use the fact [20] that, for any completely bounded map Λ into B(g),
where M m denotes the algebra of m × m complex matrices, whence it follows that
In either case, we immediately derive the inequality
which, when expressed in terms of the Hellinger distance 
SOME EXAMPLES AND APPLICATIONS
The expressions for the minimax fidelity, derived in Section 4 for different kinds of quantum operations encountered in quantum information theory, share the common feature of being set up as variational problems, namely, as minimizations of a concave functional over a convex set. This feature of the minimax fidelity renders the problem of computing it amenable to robust numerical methods (see Ref. [3] for detailed discussion of numerical optimization methods for the calculation of fidelity-like measures in quantum information theory). However, there are instances in which the minimax fidelity between two quantum channels can be written down in a more explicit form. In this section we sketch some examples of such instances.
Before we proceed, we would like to remind the reader of the assumption we made in Section 2.2, namely that all the channels we deal with are completely majorized by the trace in the sense of Ref. [14] . This assumption, while allowing us to circumvent certain technicalities involving unbounded operators, is somewhat restrictive, as one can easily find examples of quantum channels between infinite-dimensional algebras (e.g., unitarily or isometrically implemented channels; see Ref. [21] for details) that do not satisfy this condition of complete majorization. However, owing to the CB-continuity of the minimax fidelity [cf. Section 5], we may always regard such channels as CB-limits of sequences of channels with finite-dimensional output algebras. Thus, given a channel Φ : B −→ A, B = B(h), A = B(g) with dim g = ∞, we consider a sequence {P n } of finite-dimensional projections such that P n → 1 1 g strongly, and the corresponding sequence {Φ n } of quantum operations Φ n (B) := P n Φ(B)P n , so that Φ n (B) → Φ(B) uniformly as n → ∞ for each B ∈ B, and each Φ n is a channel from B into P n AP n , with lim n→∞ Φ − Φ n cb = 0.
With this in mind, in the examples below we shall not worry about the issue of bounded vs. unbounded operational densities.
6.1. Unitary maps. In the case of channels Θ U , Θ V implemented by the unitaries U, V : h −→ h, i.e., Θ U (B) = U † BU and Θ V (B) = V † BV , the minimax fidelity f (Φ, Ψ) is easily evaluated using Eq. (49):
where we have defined W := U † V . Let Sp(W ) denote the spectrum of W , which is a closed compact subset of the unit circle T in the complex plane, and let E W (dz) denote the corresponding spectral measure of W . Then we can write
where M W, (dz) is the probability measure [E W (dz)] ≡ (E W (dz), ρ). Thus
where co Sp(W ) denotes the closed convex hull of Sp(W ), and dist(z, S) := inf{|z −z | : z ∈ S} for any z ∈ C and S ⊂ C. Clearly, f (Θ U , Θ V ) = 1 if and only if co Sp W ⊂ T, i.e., if and only if W = λ1 1 h with |λ| = 1, which is equivalent to Θ U = Θ V . When dim h < ∞, Sp(W ) is a finite subset of T, so that co Sp(W ) is a polygon in the complex plane, and Eq. l V j for some V ∈ U(C k ). The EPR attack is achieved by Alice via the unitary transformation V on an ancillary k-dimensional space H. The conditional probability that Alice can cheat successfully by convincing Bob that she has committed, say, b = 1, while having successfully committed b = 0 instead, is given by
where (A (0) j ⊗ 1 1 H )υ 2 is the probability that the jth Kraus element is unveiled. Which V should Alice use? Without any knowledge of |υ , the best she can do is to adopt a conservative strategy of choosing the V that will maximize her cheating probability in the worst-case scenario, namely for the anonymous state |υ chosen by Bob to minimize P A c (V, υ). This is the minimax choice of V , corresponding to the cheating probabilitȳ P A c := sup
On the other hand, for equiprobable bit values b ∈ {0, 1} Bob's optimal probability of cheating is given by the probability of error in discriminating between the corresponding output states, more preciselȳ 
where we have defined ρ 
Note that the value of the max-min in Eq. (72) will not change if we perform the maximization over the closed convex hull of U(C k ), i.e., the set K(C k ) of all linear contractions on C k , and the minimization over the closed convex hull of the pure states on h ⊗ H, i.e., the set S(h ⊗ H) of states on B(h ⊗ H), thus completing the domain of the max-min to the product K(C k ) × S(h ⊗ H) of compact convex sets. Now, the functional
is affine in both V ∈ K(C k ) and ρ ∈ S(h ⊗ H), so that we can use standard minimax arguments [23] whence it follows that, for "asymptotically" concealing protocols, i.e., those for which P B c → 1 2 , Alice's probability of cheating will approach unity, and the protocol will not be binding.
